The local and manifestly covariant Lagrangian interactions in four spacetime dimensions that can be added to a "free" model that describes a generic matter theory and an abelian BF theory are constructed by means of deforming the solution to the master equation on behalf of specific cohomological techniques.
Introduction
A big step in the progress of the BRST formalism was its cohomological understanding [1] - [16] , which allowed, among others, a useful investigation of many interesting aspects related to the perturbative renormalization problem [17] - [21] , anomaly-tracking mechanism [21] - [26] , simultaneous study of local and rigid symmetries of a given theory [27] , as well as to the reformulation of the construction of consistent interactions in gauge theories [28] - [32] in terms of the deformation theory [33] - [37] , or, actually, in terms of the deformation of the solution to the master equation. There is a large variety of models of interest in theoretical physics, which have been investigated in the light of the deformation of the master equation [38] - [65] . Some of them focus on the class of BF-like theories [66] . On the one hand, interacting BF theories are related to Chern-Simons-Witten gravity or topological two-branes with nonzero three-form. On the other hand, such theories are important in view of their relationship with Poisson Sigma Models, which are known to explain interesting aspects of two-dimensional gravity, including the study of classical solutions [67] - [76] .
In this paper we construct the local and manifestly covariant interactions in four spacetime dimensions that can be added to a "free" model that describes a generic matter theory uncoupled to an abelian BF theory [66] , by means of deforming the solution to the master equation with the help of specific cohomological techniques. The field sector of the four-dimensional BF model consists in one scalar field, two vector fields and one two-form. Our main result is that we can truly couple the BF fields to the matter ones in spite of the absence of physical degrees of freedom in the BF model. Thus, the subject of our paper subscribes to the constant aim of extending the couplings of more general gauge theories to matter fields.
Our strategy goes as follows. Initially, we generate the "free" Lagrangian BRST symmetry (s), which decomposes as the sum between the Koszul-Tate differential and the exterior longitudinal derivative only. The starting model is abelian and second-stage reducible, with the reducibility relations holding off-shell. The only supplementary assumption regards the matter theory from the perspective of displaying a Cauchy order equal to one. Nevertheless, this hypothesis is quite natural, since all the usual matter theories fulfill it. Next, we solve the main equations that govern the Lagrangian deformation procedure on behalf of the BRST cohomology of the free theory. In this light, we firstly compute, using specific cohomological techniques, the firstorder deformation of the solution to the master equation, which lies in the cohomological space of s modulo the exterior spacetime derivative (d) at ghost number zero, H 0 (s|d). The first-order deformation stops at antighost number four and is parametrized by two arbitrary functions involving only the undifferentiated scalar field, which we denote by M (ϕ) and W (ϕ). Its consistency demands that MW = 0, and hence two distinct situations arise. (I) The first one corresponds to M = 0 and W arbitrary. In this situation, there appear effective couplings between the matter fields and the BF ones if the matter theory possesses bosonic one-parameter rigid symmetries that result in non-trivial conserved currents. From the inspection of the deformed solution to order one in the coupling constant we obtain that the interacting theory exhibits the following general features: (i) all the gauge transformations of the fields from the BF sector are modified, excepting those of the vector field with original U(1) gauge symmetry, which remain U(1)-abelian and, moreover, the gauge transformations of the other vector field include some terms that depend on the matter fields through the derivative of an arbitrary 'background' potential of the undifferentiated scalar field; (ii) the matter fields gain gauge transformations, which at the first order in the deformation parameter are nothing but the gauge version of the oneparameter rigid symmetry multiplied by the arbitrary 'background' potential; (iii) the first-order interactions vertices are of two kinds-one is responsible for the self-interactions among the BF fields, while the other couples the matter fields to the U(1)-abelian vector field from the BF model precisely through the conserved current from the matter theory and the 'background' potential (to be called generalized minimal coupling); (iv) if the conserved current is not invariant under the gauge version of the rigid symmetry, then there appear at least second-order interaction vertices, which truly couple the matter fields to the BF ones, and further restrictions on the 'background' potential are expected. Otherwise, the deformation comprises first-order couplings; (v) the deformed gauge algebra is open (unlike the initial theory, which is abelian); (vi) the new gauge transformations are second-stage reducible, like the original ones, but the reducibility relations only hold on-shell. (II) The second situation is described by W = 0 and M arbitrary. Then, we find that there are no effective couplings between the BF and the matter fields. The first-order deformation is also consistent to higher-orders, which can be taken to vanish. The deformation procedure simply adds to the free Lagrangian a "mass"-like term for the two-form. Related to the gauge transformations, only those of the one-forms change with respect to the "free" model. Accordingly, the gauge algebra becomes open, and the first-order reducibility relations take place on-shell, while the second-order ones are not modified with respect to the "free" model.
The paper is organized into five sections. Section 2 briefly reviews the Lagrangian procedure of adding consistent interactions in gauge theories based on the deformation of the solution to the master equation. In Section 3 we construct the interactions announced in the above, and withdraw the Lagrangian gauge structure of the coupled models. In section 4 we apply the theoretical part of the paper to two models of interest, where the role of the matter fields is played by the complex scalar field, respectively, by the massive spin 3/2 field. Naturally, we restrict ourselves to the situation where we can couple the matter fields to the BF ones in a non-trivial manner. Section 5 ends the paper with the main conclusions.
Deformation of the master equation: a brief review
We begin with a "free" gauge theory, described by a Lagrangian action
and consider the problem of constructing consistent interactions among the fields Φ α 0 such that the couplings preserve the field spectrum and the original number of gauge symmetries. This matter is addressed by means of reformulating the problem of constructing consistent interactions as a deformation problem of the solution to the master equation corresponding to the "free" theory [33] , [36] . Such a reformulation is possible due to the fact that the solution to the master equation contains all the information on the gauge structure of the theory. If a consistent interacting gauge theory can be constructed, then the solutionS to the master equation associated with the "free" theory, S ,S = 0, can be deformed into a solution S,
of the master equation for the deformed theory
such that both the ghost and antifield spectra of the initial theory are preserved. The symbol (, ) denotes the antibracket. The equation (3) splits, according to the various orders in the coupling constant (or deformation parameter) g, into S ,S = 0,
. . . The equation (4) is fulfilled by hypothesis. The next one requires that the first-order deformation of the solution to the master equation, S 1 , is a cocycle of the "free" BRST differential s· = ·,S . However, only cohomologically non-trivial solutions to (5) should be taken into account, as the BRST-exact ones can be eliminated by a (in general non-linear) field redefinition. This means that S 1 pertains to the ghost number zero cohomological space of s, H 0 (s), which is generically nonempty due to its isomorphism to the space of physical observables of the "free" theory. It has been shown in [33] , [36] (on behalf of the triviality of the antibracket map in the cohomology of the BRST differential) that there are no obstructions in finding solutions to the remaining equations ((6-7), etc.). However, the resulting interactions may be nonlocal, and there might even appear obstructions if one insists on their locality. The analysis of these obstructions can be done with the help of cohomological techniques. As it will be seen below, all the interactions in the case of the model under study turn out to be local.
Couplings among a BF theory and matter fields from BRST cohomology
In this section we determine the local and manifestly covariant Lagrangian interactions that can be added to a "free" theory that describes a generic matter theory plus a topological model of BF-type in four spacetime dimensions. This is done by means of solving the deformation equations (5-7), etc., by means of specific cohomological techniques. The interacting theory and its gauge structure are deduced from the analysis of the deformed solution to the master equation that is consistent to all orders in the deformation parameter.
Free BRST differential
We start from a "free" four-dimensional theory whose Lagrangian action is written as the sum between the action for a matter theory and the action for a topological BF theory involving one scalar field, two one-forms and one two-form
and suppose that the matter theory displays no non-trivial gauge symmetries. We work with a Minkowski-flat metric tensor of 'mostly minus' signature g µν = g µν = (+ − −−). The Grassmann parity of a given matter field y i will be denoted by ε i . In addition, we make the assumption that
where its free part, L free 0 , is quadratic in the fields y i and of maximum order two in their spacetime derivatives, while its interacting part, L int 0 , if present, is no more than a polynomial in the undifferentiated fields. This assumption combined with the absence of gauge invariance for L matt 0 leads to the result that the matter sector is described by a so-called normal theory, of Cauchy order equal to one. This is not a restrictive condition, but merely a natural one, since all usual matter theories (like, for instance, those of spin 0, 1/2 or 3/2) satisfy it. In turn, it enables one to control in a consistent manner the local cohomology of the BRST differential associated with S 0 . Action (8) is found invariant under the gauge transformations
where the gauge parameters , µν and µνρ are bosonic, with µν and µνρ completely antisymmetric. From (10), we read the non-vanishing gauge generators
where we put an extra lower index ((A), (H), etc.) in order to indicate with what field is a certain gauge generator associated. Everywhere in this paper we use the convention that the notation [αβ · · · γ] signifies complete antisymmetry with respect to the Lorentz indices between brackets, with no additional numerical factor. The above gauge transformations are abelian and off-shell second-order reducible. More precisely, the gauge generators of the one-form H µ are second-order reducible, with the first-, respectively, second-order reducibility functions
while the gauge generators of the two-form B µν are first-order reducible, with the reducibility functions
such that the concrete form of the first-and second-order reducibility relations written in condensed De Witt notations are expressed by
We observe that the BF theory alone is a usual linear gauge theory (its field equations are linear in the fields and first-order in their spacetime derivatives), whose generating set of gauge transformations is second-order reducible, such that we can define in a consistent manner its Cauchy order, which is found equal to four. In order to construct the BRST symmetry of this "free" theory, we introduce the field/ghost and antifield spectra
The fermionic ghosts η α 1 respectively correspond to the bosonic gauge parameters α 1 = ( , µν , µνρ ), the bosonic ghosts for ghosts η α 2 are due to the first-order reducibility relations (16) , while the fermionic ghosts for ghosts for ghosts η α 3 are required by the second-order reducibility relations (17) . The star variables represent the antifields of the corresponding fields/ghosts. Their Grassmann parities are obtained via the usual rule
where we employed the notations
Since both the gauge generators and the reducibility functions are fieldindependent, it follows that the BRST differential reduces to
where δ is the Koszul-Tate differential, and γ means the exterior longitudinal derivative. The Koszul-Tate differential is graded in terms of the antighost number (agh, agh (δ) = −1, agh (γ) = 0) and enforces a resolution of the algebra of smooth functions defined on the stationary surface of field equations for action (8) , C ∞ (Σ), Σ : δS 0 /δΦ α 0 = 0. The exterior longitudinal derivative is graded in terms of the pure ghost number (pgh, pgh (γ) = 1, pgh (δ) = 0) and is correlated with the original gauge symmetry via its cohomology at pure ghost number zero computed in C ∞ (Σ), which is isomorphic to the algebra of physical observables for the "free" theory. The two degrees of the generators (18) (19) (20) (21) from the BRST complex are valued like
where the actions of δ and γ on them read as
The overall degree of the BRST complex is named ghost number (gh) and is defined like the difference between the pure ghost number and the antighost number, such that gh (s) = 1. The BRST symmetry admits a canonical action s· = ·,S , where its canonical generator (gh S = 0, ε S = 0) satisfies the classical master equation S ,S = 0. In the case of the "free" theory under discussion, the solution to the master equation takes the formS
The solution to the master equation encodes all the information on the gauge structure of a given theory. We remark that in our case the solution (37) to the master equation breaks into terms with antighost numbers ranging from zero to three. The piece with antighost number zero is nothing but the Lagrangian action (8) , while the elements of antighost number one include the gauge generators (11) (12) . If the gauge algebra is non-abelian, then there appear terms linear in the antighost number two antifields and quadratic in the pure ghost number one ghosts. The absence of such terms in our case reflects that the gauge transformations are abelian. The terms from (37) with higher antighost number give us information on the reducibility functions (13) (14) (15) . If the reducibility relations held on-shell, then there would appear components linear in the ghosts for ghosts (ghosts of pure ghost number strictly greater than one) and quadratic in the various antifields. Such pieces are not present in (37) , since the reducibility relations hold off-shell. Other possible components in the solution to the master equation offer information on the higher-order structure functions related to the tensor gauge structure of the theory. There are no such terms in (37) , as a consequence of the fact that all higher-order structure functions vanish for the theory under study.
First-order deformations
Initially, we approach the first-order deformation of the solution to the master equation, described by the equation (5) . In local form, it becomes
for some local n µ (where we maintained the notations from (2)), so it requires that a is a s-cocycle modulo d. In order to solve this equation, we develop a according to the antighost number,
The number of terms in the expansion (39) is finite and it can be shown that we can take the last term in a to be annihilated by γ,
The fact that the free BRST differential is just the sum of δ and γ (see (23)), and so it is not an infinite formal series of derivations with arbitrarily high antighost number (as it can a priori occur for an arbitrary gauge system with an open gauge algebra), argues that the non-integrated density of the first-order deformation a can be assumed, without loss of generality, to have a bounded antighost number, say I. A more rigorous proof of the validity of this result can be obtained by following the line from [41] under the sole assumption that the first-order deformation of the Lagrangian a 0 has a finite (but otherwise arbitrary) derivative order. More precisely, one can prove that the analogue of Theorem 3.1 therein is valid for the "free" model considered in this paper. This can be done by introducing an even derivation
where N ∂ is the operator counting the derivatives of all the variables and A gives various weights to the antifields and ghosts, such that both γ and δ have only components of non positive K-degree. In our case it is possible to define A such that γ and δ actually reduce to their components of zero Kdegree. The result that the term of highest antighost number in (39) a I can be taken to satisfy (40) rather than the obvious equation
follows from (38) (with a replaced by (39)) projected on antighost number I can be proven like in [58] (see Section 3 and also the Appendix A.1 therein) and is related to the triviality of the invariant cohomology of the exterior spacetime differential d in form degree less than four and in strictly positive antighost number. Consequently, we need to compute the cohomology of γ, H (γ), in order to determine the component of highest antighost number in a. From (33) (34) (35) (36) it is simple to see that H (γ) is spanned by
i , and the antifields χ * from (22), by their spacetime derivatives, as well as by the undifferentiated ghosts η
The derivatives of the ghosts η A 1 are removed from H (γ) since they are γ-exact, in agreement with the first relation in (34), the last formula in (35) , respectively, the first definition from (36) .) If we denote by e M η A 1 the elements with pure ghost number M of a basis in the space of the polynomials in the ghosts η A 1 , it follows that the general solution to the equation (40) takes the form
where agh (µ I ) = I and pgh e
) means that f depends on q and its spacetime derivatives up to a finite order. The equation (38) projected on antighost number (I − 1) becomes
Replacing ( the matter theory, more precisely on its Cauchy order, which was supposed to be equal to one, combined with the fact that the BF component is separately described by a linear theory of Cauchy order equal to four, guarantee that
such that we conclude that H J (δ|d) = 0 for J > 4, and, moreover, H J (δ|d) = H BF J (δ|d) for J = 2, 3, 4. However, in principle the representatives of H 1 (δ|d) cannot be written like sums between representatives of H matt 1 (δ|d) and of H BF 1 (δ|d), such that their study deserves special attention. Nevertheless, we can assume that the first-order deformation stops at antighost number four
where a 4 is of the form (41) By direct computation, we infer that the most general representative of H BF 4 (δ|d) can be taken of the type
with W = W (ϕ) an arbitrary function depending on the undifferentiated scalar field. On the other hand, the elements of pure ghost number equal to four of the basis in the ghosts η
In order to couple (46) to the second element in (47) like in (41) we need some completely antisymmetric constants, which, by covariance arguments, can only be proportional with the completely antisymmetric four-dimensional symbol, ε αβγδ . Apparently, there are several possibilities to realize such couplings. However, all these possibilities lead to the same result, such that there is in fact a single independent manner in which (46) can be "glued" to the latter basis elements in (47) , and thus the most general (manifestly covariant) form of the last representative from the expansion (45) will be
where the numerical factor 1/2 in the second term was taken for convenience, and the functions W and M are two arbitrary functions of the undifferentiated scalar field. By computing the action of δ on a 4 and by taking into account the relations (33) (34) (35) (36) , it follows that the solution of the equation (42) for I = 4 is precisely given by
By means of the equation (38) projected on antighost number two
the solution (49) and the definitions (33-36) lead to
Next, we investigate the equation (38) projected on antighost number one
which combined with (51) further yields
The term (54) added in the right hand-side of (53) appears as the general solution to the 'homogeneous' equation γā 1 = 0 2 and takes into account the fact that both the BF and matter theories are involved with the local homology of the Koszul-Tate differential at antighost number one. Its form is given by the general solution (41) for I = 1. Such terms correspond toā 2 = 0 and thus they do not modify either the gauge algebra or the reducibility functions, but only the gauge transformations of the interacting theory.
In order to solve the equation (38) at antighost number zero
2 The triviality of the invariant cohomology of the exterior spacetime differential d in form degree less than four and in strictly positive antighost number guarantees that one can always replace the equation γā 1 = ∂ µ t µ with that corresponding to t µ = 0.
whose solution is nothing but the deformed Lagrangian at order one in g, from (53) we observe that
Thus, the consistency of the deformation procedure at order one in the coupling constant requires that δā 1 must separately be γ-exact modulo d
Next, we determine the concrete form of the functions (58) is obeyed. Recalling the definitions (28) (29) (30) (31) (32) , it follows that
Taking into account the definitions (34) and the first relation from (35), the equation (58) possesses solutions if and only if
wherej µ is a bosonic γ-invariant current of both pure ghost and antighost numbers equal to zero
The relation (60) can easily be written under the form
which shows that the currentj µ is given bỹ
δy iT i and the functions T µν ,T ν and T must fulfill the condition
On behalf of the formula (63) and using (34) (35) , we get that the equation (61) is equivalent to
since all the coefficients T µν , etc. are by assumption γ-closed and γj µ = 0 by construction. Analyzing the equations (64-65), we find that their solutions are strongly equal to zero
Substituting the partial solutions (66) back into the equation (60) and also using (63), we find that (60) becomes
In order to have solutions to (67) , it is necessary to suppose that the Lagrangian action of the matter fields is invariant under a global one-parameter symmetry
with ε (T i ([y j ])) = ε i and ξ a bosonic and constant parameter, which further yields, via Noether's theorem
the appearance of the on-shell conserved bosonic current j µ ([y j ]) (on-shell means here on the stationary surface of the field equations for the matter theory only). In the sequel we assume that the matter theory indeed satisfies this demand. Under this assumption, we try the unknown functions T i ω ∆ appearing in (67) of the typē
and thus (67) turns, by means of Noether's theorem (69), into
(71) Looking at the particular form of the second term in the left hand-side of the equation (71), it is natural to search the functions T µ ω ∆ among the elements written like
such that (71) switches to
Then, it is easy to see that the general solution to the equation (73) reads as
where U (ϕ) is an arbitrary function of the undifferentiated scalar field. Inserting the solutions (74) (75) in (70) and (72), we completely determine the unknown coefficients T µ andT i like
while the same solutions substituted in (73) provide the corresponding cur-
Replacing the expressions (66) and (76) in (54), we obtain that the general solution to the 'homogeneous' equation γā 1 = 0 that produces a consistent antighost number zero elementā 0 via the equation (58) is
Using now (78) and (68) (69) , it results that
withj µ given by (77) . Introducing (79) in (57), we finally find that the antighost number zero component from the first-order deformation as solution to the equation (56) is expressed by
In conclusion, the consistency (at antighost number zero) of the term that mixes the matter fields and the BF ones in the first-order deformation requires that the matter theory must be invariant under a rigid one-parameter transformation of the type (68), which produces Noether's theorem (69) . Strictly speaking, in (80) there also appear contributions from some conserved currents associated with the BF field sector. Indeed, we observe that (53) can be decomposed as
where
and
We have seen in the above that δa 
where L BF 0 is given in (8)
The consistency of the first-order deformation for the BF sector at antighost number zero, δa
2 δL
where, in addition, we must have k
, for somē k ν and antisymmetrick γδ . After some computation, we infer that (86-88) hold, and they are nothing but Noether's theorem expressing the invariance of the pure BF theory respectively under three different non-trivial rigid symmetries
that result in the conserved currents
As a consequence, we infer that the deformed Lagrangian at order one in the coupling constant, (80), splits as
with a
where a
can equivalently be written in terms of the currents (93-95) under the form a
where p is a real number. Nevertheless, these non-trivial currents appear in a natural way within the cohomological framework used here, and do not need to be assumed to exist, unlike the matter fields, whose non-trivial couplings to the BF field sector require that the matter theory indeed possesses nontrivial rigid one-parameter symmetries. Let us briefly discuss the link between the set of rigid symmetries and the local homology of the Koszul-Tate differential. The equations (69) and (86-88) may be rewritten in terms of the Koszul-Tate differential as
where j µ ∆ and T α 0 ∆ collectively denote the corresponding conserved currents, respectively, the generators of the rigid symmetries. The formula (100) correlates the rigid symmetries (68) and (89-92) to certain homological classes from the space H 1 (δ|d). Explicitly, it shows that a global symmetry (materialized in a conserved current) defines an element σ ∆ of H 1 (δ|d), i.e., an element of antighost number equal to one that is δ-closed modulo d. A global symmetry is said to be trivial if the corresponding σ ∆ is in a trivial class of
A class of trivial rigid symmetries corresponds to some rigid generators of the type
. In (102) ε α 0 is the Grassmann parity of the field Φ α 0 , such that ε M α 0 β 0 ∆ = (ε α 0 + ε β 0 ) mod 2 as all the rigid parameters are assumed to be bosonic. In this situation we have that
and thus σ ∆ is trivial in H 1 (δ|d). Noether's theorem for trivial rigid symmetries
obviously reduces to ∂ µ j µ ∆ = 0, which holds independently of the field equations. Then, we further obtain that
such that the currents associated with trivial global symmetries are also trivial. We remark that the rigid symmetries (89-92) are not of the type (102), and therefore are non-trivial. In order to effectively couple the matter fields to the BF ones, we suppose that the matter rigid symmetries are also non-trivial. Indeed, if the matter rigid symmetries were trivial
then the conserved current associated with (106) is also trivial,
such that the terms a
Since the first-order deformation is unique up to s-exact terms plus divergences of local currents, in the case of trivial matter rigid symmetries we can remove the pieces a
from a, and thus in this situation there are no couplings between the matter and the BF field sectors.
Combining the formulas (48) (49) and (51) with the expression (53) in which we use the solution (78) , and also with the result given by (80), we conclude that the first-order deformation of the solution to the master equation for the model under study can be written in the form
It is by construction a s-cocycle of ghost number zero, such that S 0 + gS 1 is solution to the master equation to order g.
Higher-order deformations
Next, we investigate the equations that control the higher-order deformations. The second-order deformation is governed by the equation (6) . Making use of (109), the second term in the left hand-side of (6) takes the concrete form
It is clear that none of the terms involving any of the functions X, Y or their derivatives with respect to the scalar field can be written as required by the equation (6), namely, like the s-variation of some local functional, and therefore they must vanish. This takes place if and only if
Thus, there appear two alternatives.
(I) First, we assume that
and W (ϕ) is an arbitrary function of the undifferentiated scalar field. In this situation, we find that (110) reduces to
where we assume that the arbitrary function U of the undifferentiated scalar field, to be called the 'background' potential in what follows, is non-vanishing. Two major situations met in practical applications deserve special attention. (I.1) It might happen that the matter current is invariant under the gauge version of the global one-parameter symmetry (68)
In this case it results that (S 1 , S 1 ) = 0, such that we can set S 2 = 0. Further, all the higher-order equations (7), etc., are satisfied with the choice S 3 = S 4 = · · · = 0. Consequently, the deformed solution to the master equation consistent to all orders in the coupling constant reduces in this situation to the sum between the "free" solution (37) and the first-order deformation (109) where we set M (ϕ) = 0
By virtue of the discussion from the end of the subsection 3.1 on the significance of terms with various antighost numbers in the solution to the master equation, at this stage we can extract information on the gauge structure of the coupled model. From the antifield-independent piece in (126) we read that the overall Lagrangian action of the interacting gauge theory has the expressioñ
while from the components linear in the antighost number one antifields we conclude that it is invariant under the gauge transformations
where we employed the notation
We remark on the one hand that the interaction term U (ϕ) j µ ([y j ]) A µ expresses a generalized minimal coupling and on the other hand that the gauge transformation of the one-form A µ from the BF-like theory remains U (1)-abelian. From (128-130), we read the new non-vanishing gauge generators
The presence of the terms linear in the ghosts with pure ghost number two and three in (126) shows that the gauge generators of the coupled model are also second-order reducible, but some of the reducibility functions are modified and, moreover, some of the reducibility relations only hold on-shell, where on-shell means on the stationary surface of field equations for the action (127). From the analysis of these terms we infer the first-order reducibility functions
and also the second-order ones
as well as the first-and second-order reducibility relations (written in De Witt condensed notations)
The pieces from (126) that are quadratic in the ghosts of pure ghost number one are of two kinds: ones are linear in their antifields, and the others are quadratic in the antifields of the original fields, such that the deformed gauge algebra is open. The non-vanishing commutators among the gauge transformations of the coupled model read as (again in De Witt condensed notations)
The remaining elements in (126) give us information on the higher-order gauge structure of the interacting model. In conclusion, if the conserved current present in the purely matter theory is still invariant under the gauge version of the initial global one-parameter symmetry, then the deformation procedure stops at order one in the coupling constant and induces the gauging of the generalized rigid symmetry (see the expression of the functionsT i from (76)) at the level of the matter fields as in formula (130). Moreover, the one-form H µ from the BFsector gains one-parameter gauge transformations whose generators involve the conserved currents of the matter theory and the first-order derivative of the 'background' potential. In addition, the interaction couples the matter fields to the one-form A µ from the BF-like theory only at the first order in the deformation parameter through the gauge invariant matter current and the 'background' potential by means of a generalized minimal coupling.
(I.2) In the opposite situation, where (123) is satisfied, but the matter current is not invariant under the gauge version of the initial global oneparameter symmetry (68)
it follows that (S 1 , S 1 ) is non-vanishing (see the right hand-side of the equation (124)), hence the second-order deformation S 2 involved with the equation (6) will also be so. Moreover, it is possible to obtain other non-trivial higher-order deformations when solving the remaining equations ( (7), etc.). Nevertheless, the expressions of these deformations strongly depend on the structure of the matter theory and cannot be output in the general setting considered here. However, we expect that the consistency equations (6-7), etc. impose further restrictions on the function U (ϕ). What is always valid is that the complete deformed solution to the master equation starts like
such that the Lagrangian action of the interacting theory is of the typẽ
where S andS are expressed by (126) and (127) respectively. (II) In the complementary situation, where
and M (ϕ) is an arbitrary function of the undifferentiated scalar field, from (110) it follows that
Nevertheless, according to the local version of the equation (6), the nonintegrated density from the right hand-side of (155) must again be written like the s-variation modulo d of a local function. Taking into account the actions (28-36) of γ and δ on the BRST generators, it results that the piece in (155) proportional with ε µνρλ is s-exact if and only if the matter current j µ is trivial (see the relations (106) and (107)). Indeed, in this situation direct computation leads to
As discussed in the above (see the formula (108)), in this case the terms a
can be completely removed from the first-order deformation via the transformation
and thus we find that
such that we can safely take the second-order deformation equal to zero, S 2 = 0. The higher-order consistency equations are then fulfilled with the choice S 3 = S 4 = · · · = 0. Thus, if (154) is satisfied, then the complete deformed solution to the master equation, which is consistent at all orders in the coupling constant, is given by
Its antighost number zero part emphasizes the Lagrangian action of the deformed theorỹ
while the antighost number one components provide the gauge transformations of the action (160)
We observe that in this case the matter fields remain uncoupled to the BF field sector. From (161-163), we notice that the non-vanishing gauge generators are
Thus, the scalar field and the matter fields are still not endowed with gauge transformations, while the gauge transformations of the two-form are also not changed with respect to the "free" model. Actually, the gauge transformations become richer than in the "free" case only for the one-forms A µ and H µ in the sector associated with the gauge parameters αβγ . The deformed gauge algebra (corresponding to the generating set (161-163) ) is open, as can be seen from the elements of antighost number two in (159) that are quadratic in the ghosts of pure ghost number one. The only non-abelian commutators among the new gauge transformations are expressed by
Looking at the rest of the terms with antighost number two in (159), we can state that, besides the original first-order reducibility relation (16) , there appear some new ones
that only close on-shell (i.e., on the stationary surface of field equations resulting from the action (160)), where the accompanying first-order reducibility functions are of the form
The second-order reducibility is not modified (it continues to be expressed by (17) ). The presence in (159) of elements with antighost number strictly greater than two that are proportional with the coupling constant g signifies a higher-order gauge tensor structure of the deformed model, due to the open character of the gauge algebra, as well as to the field dependence of the deformed reducibility functions. The case (II) appears thus to be less important from the perspective of constructing effective couplings among the BF fields and the matter field sector, since no non-trivial interactions among them are allowed. This completes our general procedure.
Applications
Next, we consider two examples of matter theories, the massive complex scalar field and the massive spin 3/2 field, and compute their consistent interactions with the four-dimensional BF-like theory. Since we are merely interested in the possibility of non-trivial couplings with the BF fields, we restrict ourselves to the case (I) studied in the above, for which the relation (123) is assumed to hold.
Complex scalar field
In the sequel we apply the theoretical part of the paper to the case where the matter theory describes a massive complex scalar field. In this situation we have that y i = Φ,Φ , where the Lagrangian of the matter sector in (8) is expressed by
Here, the bar operation signifies complex conjugation. The Koszul-Tate differential and the exterior longitudinal derivative composing the "free" BRST symmetry act on the generators from the matter sector y i = Φ,Φ and on
We notice that the functions that define the field equations are independent and split into two components: one is linear in the fields and second-order in their spacetime derivatives, while the other, even if allowed to be non-linear, does not involve the spacetime derivatives of the fields. Moreover, if we denote by I 0 the set of independent field variables, then it is stable under spatial differentiation (∂ k I 0 ⊂ I 0 ). Thus, the complex scalar field theory is a normal theory without gauge invariance, of Cauchy order one [77] , in agreement with the hypothesis made in the theoretical part of the paper. The actions of δ and γ on the fields/antifields pertaining to the BF sector can be found among the definitions (28) (29) (30) (31) (32) (33) (34) (35) (36) . Multiplying (176) by Φ and (177) byΦ, we arrive at the relation
which expresses the conservation of the non-trivial current
corresponding to the bosonic global one-parameter invariance
of the complex scalar field action. By comparing (181) with (68), it follows that
Inserting (180) and (182) in (109) with M (ϕ) = 0, we then determine the first-order deformation of the solution to the master equation, where
After some computation, we find that (S 1 , S 1 ) is not vanishing
due to the non-invariance of the current (180) under the gauge version of the global invariance associated with the complex scalar theory. We are precisely in the situation (I.2) analyzed in the previous section (it is the equation (151) that applies now). Thus, we have to solve the second-order deformation equation, expressed by
where S 2 = d 4 xb, which requires that ∆ given in (184) should be a scoboundary modulo d in order to have solutions for the second-order deformation. This happens if and only if the function U (ϕ) actually reduces to a constant, which we fix for convenience to be equal to the unit
By virtue of this result, we further infer that
such that b = ΦΦA µ A µ , from which we can write down the second-order deformation of the solution to the master equation under the form
In the meantime, replacing (186) back in (183) we determine that the part from the first-order deformation that describes the cross-couplings between the BF-field sector and the matter theory becomes
As (S 1 , S 2 ) = 0, the third-order deformation equation holds if we take S 3 = 0. All the other higher-order equations are then satisfied with the choice
Putting together the general results discussed at case (I) in the previous section together with the above ones, we infer that the Lagrangian action of the interacting model has the expressioñ
where the covariant derivative for the complex scalar field is
The gauge transformations of the matter fields read as
and can be obtained by directly gauging the initial rigid symmetry (181). The gauge transformations of the BF field spectrum have been inferred in the above and are expressed by the appropriate formulas in (128-130) where we must take into account the result (186), which further implies that δU/δϕ = 0. As we have anticipated in Section 3 at the case (I.2), the noninvariance of the matter current under the deformed gauge transformations of the matter fields at the first order in the coupling constant restricts the form of the function U (ϕ) in order to ensure the consistency of the firstorder deformation. Thus, the cross-interactions that can be added to the BF model under study plus a complex scalar theory cannot involve an arbitrary 'background' of the undifferentiated scalar field from the BF sector. In this light, the complex scalar field still gains gauge transformations (see (192) ), but they merely reduce to the gauge version of the original rigid one-parameter symmetries, the presence of an arbitrary 'background' being forbidden. Along the same line, we see from the second relation in (128) with δU/δϕ replaced by zero that the gauge transformations of the one-form H µ cannot depend on the matter fields
where D ν is defined in (131).
Massive spin 3/2 field
In this situation, the role of the matter fields is played by a massive spin 3/2 field y i = ψ A µ ,ψ µA , described by the Lagrangian
The Koszul-Tate differential and the exterior longitudinal derivative associated with this free model act on the matter fields and their antifields
The functions defining the field equations are independent, like for the previous example, and, moreover, they are linear in the fields and first-order in their spacetime derivatives, such that the massive spin 3/2 fields are indeed described by a normal theory without gauge invariance, of Cauchy order one, so the results inferred in the theoretical part of this paper apply to this model. The actions of δ and γ on the BF-field spectrum can be recovered from the definitions (28) (29) (30) (31) (32) (33) (34) (35) (36) 
which is related to the conservation of the non-trivial current
associated with the bosonic global one-parameter invariance of the massive spin 3/2 theory ∆ψ
If we compare (202) with (68), we find that
The first-order deformation is given by (109), where 
By direct computation, we get that
which is normal since the current (201) is invariant under the gauge version of the transformations (202) (formula (125) is now valid). Thus, this model subscribes to the situation (I.1) discussed in the previous section. In this case we have shown that all the higher-order deformations can be taken equal to zero, S k = 0, k ≥ 2, such that the Lagrangian action of the interacting model becomesS
The 
This completes the analysis of the second example.
Conclusion
In this paper we have investigated the local and manifestly covariant Lagrangian interactions that can be added to a "free" theory describing a BFlike model and a matter theory in four dimensions. Our treatment is based on the deformation of the solution to the master equation. The first-order deformation is computed by means of the local BRST cohomology at ghost number zero. Its consistency reveals two cases. One of them brings no crosscouplings between the BF and the matter fields, but merely self-interactions among the BF ones, and "cuts" the deformation algorithm to order one in the coupling constant. In the complementary situation we find that the existence of non-trivial cross-interactions between the matter and the BF fields requires that the matter theory is invariant under a bosonic rigid one-parameter symmetry, which leads to a non-trivial conserved current. The appearance of higher-order deformations is dictated by the behavior of this current under the gauge version of the global invariance. Thus, if the current is gauge invariant, then all the deformations of order two and higher can be set equal to zero. In the opposite situation, at least the second-order deformation of the solution to the master equation is non-vanishing, but there can appear other non-trivial deformations as well. The resulting coupled Lagrangian system exhibits many interesting features. The interaction vertices are of two types: one involves only the BF field sector and stops at the first order in the coupling constant, while the other couples the matter fields to the BF ones through the conserved current at the first order via a generalized minimal coupling of the form U (ϕ) j µ ([y i ]) A µ , and might be non-trivial also at higher-order levels. The gauge transformations change with respect to the "free" theory. In this context, the matter fields are endowed at the first order in the coupling constant with the gauge version of the purely matter global transformation multiplied by the 'background' potential U (ϕ). Related to the new gauge transformations of the BF field sector, we note that the gauge transformation of the original U (1)-abelian vector is not modified. By contrast, the gauge transformations of the other one-form present in the BF field spectrum are enriched with first-order (in the interaction parameter) terms, of which one is linear in the matter current and involves the derivative of the 'background' potential, while the others depend only on the BF fields. The gauge transformations of the remaining BF fields (one scalar and one two-form) are also modified at the first order in the coupling constant, but only through terms that involve the BF field spectrum. The deformed gauge generators preserve the original second-stage reducibility, but the reducibility relations of the interacting model only hold on-shell. Moreover, the initial abelian gauge algebra is deformed into an open one. In the case where the matter current is not invariant under the gauge version of the initial one-parameter global symmetry we expect that the consistency of the deformed solution to the master equation at higher orders in the coupling constant may impose certain restrictions on the 'background' potential. The theoretical part of the paper has been exemplified on two kinds of matter fields, namely, the massive complex scalar theory and the massive spin 3/2 model. In the first case, the conserved current is not invariant under the gauge version of the global symmetry, and consequently there appear nontrivial interactions between the complex scalar field and the BF theory, but at the second-order in the constant coupling only. Meanwhile, the 'background' cannot effectively depend on the scalar field from the BF-sector; it is restricted to be constant. In the other situation, the conserved current is gauge invariant, so the deformation procedure stops after the first order and the 'background' is fully manifested.
